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The main novelty of this paper is to develop a preference-free option pricing
formula which involves index return volatility and the alpha, beta, and
firm-specific risk of underlying stock returns by formulating option payoffs with
the market model in the multivariate risk-neutral valuation framework. We thus
estimate the option implicit market model, namely the forward-looking alpha, beta,
and firm-specific risk, by calibrating equity and index option prices. Empirical

illustration indicates that our model calibrates equity options accurately, the CAPM
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holds with option-implied estimates, and option-implied estimates are more
effective than regression-based historical estimates in predicting alpha, beta,
firm-specific risk, and stock returns (conditional on the contemporaneous index

returns) in a future horizon.
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Estimating the Implicit Market Model from Option Prices

1. Introduction

Since the seminal work on the market model (single-index model) of Sharpe
(1963), Fama (1968), and Jensen (1968), beta and firm-specific risk have become
standard risk measurements for equity investments; while alpha is widely used
for measuring abnormal returns and testing for the validity of the capital asset
pricing model (CAPM). However, the levels of alpha, beta, and firm-specific risk
of a stock are unobservable and traditionally estimated from a backward
viewpoint, that is, using historical excess returns on the individual stock and the
market portfolio to estimate them based on a regression model. Using this
method to predict (or extrapolate) future alpha, beta, and firm-specific risk could
yield poor performance, especially when the entire financial market is in a crisis
or when individual firms are involved in mergers or acquisitions, starting
large-scale projects, or adjusting their capital structures, since historical returns
may not provide adequate information to estimate future alpha, beta, and
firm-specific risk. Thus, it is important to obtain reasonable and feasible
estimates of alpha, beta, and firm-specific risk on a forward-looking basis.

To achieve this goal, this paper develops a methodology to estimate the
market model on an ex ante basis by deriving an option pricing model through
combining the framework of multivariate risk-neutral valuation relationships
(RNVRs) with the market model, thus introducing the market return and the
firm-specific risk of an individual stock as two underlying stochastic variables by
which to determine option prices. The resulting option pricing model involves
the observable risk-free interest rate, the volatility of the market return, and the
alpha, beta, and firm-specific risk of the underlying stock asset. Based on the
proposed model, one can estimate alpha, beta, and firm-specific risk for

subsequent periods of time by calibrating the whole range of index and equity
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options with different strike prices and times to maturity on each trading day. In
addition to exploiting the forward-looking information in option prices, we
expect that this option implicit market model, analogous to the market model, can
bridge the theoretical CAPM to pragmatic practitioners by providing reliable
estimations of alpha, beta, and firm-specific risk.

Regarding alpha and firm-specific risk, to our knowledge, few if any
attempts have been made to derive option-implied estimates in the literature.
Beta estimation using information on option prices has drawn more attention. To
approximate future beta, the forward-looking feature of option-implied
volatilities or correlations has been intuitively exploited. For example, French,
Groth, and Kolari (1983) combine the implied volatilities from option prices and
the historical correlation of individual equity and index returns to estimate beta.
Siegel (1995) calibrates the correlation between individual equity and index
returns and thus the equity beta from option prices by taking advantage of the
exchange option pricing formula in Margrabe (1978). However, the exchange
option between the individual stock and market returns is not generally available
for most individual stocks.

After those attempts, empirical studies such as Bates (1998), Buraschi and
Jackwerth (2001), Dennis and Mayhew (2002), and Bakshi, Kapadia, and Madan
(2003) have demonstrated the existence of systematic risk factors in option
prices. These findings motivate researches to estimate beta from option prices.
Husmann and Stephan (2007) propose an option pricing formula for equity
options based on the CAPM in an incomplete market, so that the correlation
between the individual stock and stock index and thus the beta value can be
estimated from the market prices of individual equity options. Chen, Kim, and
Panda (2009) derive a counterpart of the Black and Scholes (1973) formula under
the physical probability measure by linking the future returns of the underlying

stock and the option contract with a linear single-factor model. With this option



Estimating the Implicit Market Model from Option Prices

pricing formula, they calibrate implied returns of the individual stock and the
stock index from market option prices and derive the option-implied beta by
regressing the series of the implied returns of the individual stock on the series of
the implied returns of the stock index.

Instead of developing explicit option pricing formulas, Buss and Vilkov
(2012) and Chang, Christoffersen, Jacobs, and Vainberg (2012) propose
model-free approaches to estimate option-implied beta under the risk-neutral
measure. Chang, Christoffersen, Jacobs, and Vainberg (2012) exploit the market
model to express beta in terms of the variance and skewness of the returns of the
individual stock and the stock index. They next utilize the option-implied
variance and skewness of Bakshi, Kapadia, and Madan (2003) to derive the
option-implied beta. Buss and Vilkov (2012) express the implied variance of a
stock index as a function of the weights, implied volatility, and pairwise
correlations of the component stocks, as the return of the stock index is, by
definition, the weighted average of the returns of the component stocks. Based on
the above expression, they propose a parametric relation for the pairwise
correlations under the risk-neutral and physical probabilities measures. Then,
equipped with the physical pairwise correlations estimated from historical data
and the option-implied volatilities, they derive the risk-neutral pairwise
correlations and thus the option-implied beta for all components of a stock index.

One of the cores of the proposed model is to develop an option pricing
model by utilizing the RNVR framework in Stapleton and Subrahmanyam (1984)
and Camara (2005). The RNVR framework was first developed by Rubinstein
(1976) and Brennan (1979) for derivatives pricing with only one underlying
variable. Stapleton and Subrahmanyam (1984) extend the Brennan (1979) model
to allow for multiple underlying variables. Camara (2003) provides a generalized
RNVR framework to encompass a family of transformed normal distributions for

the underlying asset price to price derivatives. Similar to the extension in
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Stapleton and Subrahmanyam (1984), Camara (2005) expands Camara (2003) to
a multivariate setting. The RNVR framework is a useful technique in asset
pricing, especially for derivatives whose payoffs are determined by one or
several underlying variables, whether tradable or non-tradable. In addition, the
RNVR framework is based on the market equilibrium rather than on the
no-arbitrage argument under the Black-Scholes framework. Therefore, the RNVR
framework is highly general for asset pricing, especially when additional
assumptions are imposed on pricing models.

There are several merits of the proposed estimation method. First, in
contrast to previous papers that focus on estimating only option-implied beta,
this paper exploits the market model to formulate the return of the underlying
asset in the RNVR option pricing framework. As a result, our option implicit
market model, which is the only comparable model with the market model in the
literature, not only assesses beta but also alpha and firm-specific risk. Second,
unlike the option pricing formulas in Husmann and Stephan (2007) and Chen,
Kim, and Panda (2009), our option pricing formula, by taking advantage of the
RNVR, contains the observable risk-free interest rate rather than the expected
returns for a stock index and its component stocks, which theoretically vary
according to the risk preference of investors and are notoriously difficult to
estimate accurately. We also argue that one of the major purposes of estimating
beta is to predict expected stock returns. If one can estimate directly the expected
returns for a stock index and its component stocks, there remains little need to
further estimate beta. Third, our option-implied alpha, beta, and firm-specific
risk are unadulterated parameters which are specified in the option payoff
function under the physical measure, whereas the approaches in Buss and Vilkov
(2012) and Chang, Christoffersen, Jacobs, and Vainberg (2012) must address the
transformation or mapping of the values of statistic quantities under the

risk-neutral and physical measures. We note that market participants care about
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alphas, betas, and firm-specific risks in the real world (i.e., under the physical
measure), but it remains difficult to discern errors caused by unclear relationships
between parameter values under the risk-neutral and physical measures.

To illustrate the practical implications of our option implicit market model,
we conduct an empirical examination based on the Dow-Jones Industrial Average
(DJIA) component stocks. Using the market prices of high-liquidity option
contracts on DJIA component stocks and the S&P 500 stock index, we discover
that the calibration of our model for equity options performs quite accurately,
which means it is appropriate to introduce the market model into the option
pricing model. The empirical results demonstrate that option-implied alphas,
betas, and firm-specific risks are satisfactory estimates for forecasting future
alphas, betas, and firm-specific risks, respectively. In addition, the insignificant
option-implied alphas support the validity of the CAPM. Moreover, the
option-implied estimates are more capable than the historical estimates of
predicting conditional stock returns on the contemporaneous index returns in a
future horizon.

The remainder of this paper is organized as follows. Section 2 briefs the
framework of multivariate RNVR, and Section 3 proposes our novel option
pricing model involving alpha, beta, and firm-specific risk. The calibration
process for the empirical illustration is introduced in Section 4, and the empirical
analyses are discussed in Section 5. Section 6 presents a robustness test. Section

7 concludes the paper and suggests future research.

2. General Multivariate Risk-Neutral
Valuation Relationship (RNVR)

Given multiple underlying processes in a one-period economy, the standard

pricing formula for derivatives considered by Brennan (1979), Stapleton and



Bing-Huei Lin Dean Paxson Jr-Yan Wang Mei-Mei Kuo

Subrahmanyam (1984), and Camara (2003, 2005) is
V=RTEP(C(X)Z(X)), (1)

where V' is the price of a derivative contract today, Ry is the gross return of the
risk-free asset for the examined period [0,T], and EF(:) stands for the
expectation operator under the physical probability measure. The variable X is a
vector of payoffs of n _underlying processes at T and its transpose is denoted by
XT = [X, X, - X,], C(X) is the payoff function specified in any derivative
contract, and Z(X) is the asset-specific pricing kernel defined as

EP(U'(wp)|X)

2% = roum)

)

where U'(wy) is the marginal utility function of the end-of-period wealth of the
representative agent.

Theorem 1 (Multivariate RNVR with joint transformed normal distributions).
Suppose that the marginal utility function has the exponential form of U'(wy) =
exp(yg(WT)), where y is a constant risk preference parameter and wr denotes

the period-end wealth, and it follows a transformed normal distribution,' i.e.,

g(WT)NND (“W! O-VIZI);

where w,, and o2 are the mean and variance of the normal distribution of
g(wy), respectively, and g(*) is a strictly monotonic and differentiable function.
Suppose further that the underlying assets follow a multivariate transformed

normal distribution at T

1 The definition of a transformed normal random variable Y is that it can be expressed as Y =
f~Y(Zo + ), where Z follows the standard normal distribution, denoted as Z~ND(0,1), and f is a
strictly monotonic and differentiable function.

2 Note that different assumptions for g(-) can represent risk attitudes such as increasing, constant, and
decreasing proportional risk aversion or constant absolute risk aversion. However, Camara (2003)
argues that the exact functional form of g(-) is not critical as long as g(wy) is normally distributed;
thus U’(wy) follows a lognormal normal distribution. For details refer to CAmara (2003).
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h(X) = [hy(X;) hp(X2) - hy(X,)]"~ND(, Z),

where W and X are the mean vector and the variance-covariance matrix,
respectively, of the underlying multivariate normal distribution, and the h;’s are
arbitrary strictly monotonic and differentiable functions. Equipped with the joint
transformed normal distribution for U'(wg) and X, a probability density
function of X without preference parameters can be derived and thus the price

of the derivative can be written as the risk-neutral pricing equation
V =RE?(C(X)), 3)

where EC(-) denotes the expectation operator under the risk-neutral probability
density function of X, where the location parameter is a function of Ry.

Proof: This theorem inherits the RNVR framework from Camara (2003) and
Stapleton and Subrahmanyam (1984). The detailed proof can be found in these
two papers.

Consequently, when pricing derivative contracts, there is no need to
estimate the future expected returns of X, since the Ry’s with respect to different
times to maturity are observable today. Furthermore, the above RNVR-based
result is consistent with the classic option pricing theory, in the sense that
derivative contracts can be evaluated in the risk-neutral world, in which the

expected returns of all assets are equal to the riskless return.

3. Option Pricing Model Involving alpha,
beta, and Firm-Specific Risk

For the case of pricing European equity options, we consider two points of
time, where today is time 0 and the maturity date of the option is time T.
Moreover, with the market model, the option payoff can be formulated as a

function of the alpha, beta, and firm-specific risk. In particular, the payoff at time
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T of a European call option,® with the two underlying state variables—the gross
return of the market portfolio (M) and the firm-specific risk component (e;)—is

denoted as

C(My, er) = max(Sy — K, 0) = S, max (STS—"‘ 0) = Somax(Yy — k, 0)
0

= Somax([aT + (1 — PRy + BMy + er|R;* — k,0), (4)

where S; is the stock price at time T, K is the strike price, S, is the stock
price at time 0, Yy = S;/S, represents the gross return on the underlying stock
from time O to time T, and k is defined as K/S,. In addition, the last equation
transforms the payoff of the equity call option into a multivariate function of the
abnormal return, market return, and the firm-specific risk component according
to the market model in Jensen (1968), where a is the annualized abnormal
return for the underlying stock, Rr and My denote the gross returns of the
risk-free asset and the market portfolio, respectively, from time 0 to time T, and
er represents the firm-specific risk component. According to the market model,
the excess returns of the underlying asset Y7 — Ry can be expressed as aT +
ﬁ(MT - Rf) +er. Therefore, we substitute aT + (1 — )Ry + fMr + ep for Yr
to yield Equation (4). Moreover, multiplying by Rgl = e 9" in Equation (4),
where ¢ is the per-annum continuous compounded dividend yield, reflects the

decline of the stock price due to dividend payments.

3.1 Pricing Kernel and Distributions of Underlying
Variables and Aggregate Wealth

Following the common assumptions of the market model, the diversifiable
firm-specific risk component associated with the underlying individual stock is

assumed to follow a normal distribution, that is, e;~ND(0,02T), where the

3 It is straightforward to derive the option pricing formula for equity put options by simply considering
the payoff of the put option in Equation (4) and following the same procedure described later.

10
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expected return on the firm-specific risk component is zero and o, represents
the corresponding annual volatility for the firm-specific risk component.
Hereafter, this paper employs o, to represent the magnitude of the firm-specific
risk. Furthermore, the gross return on the market portfolio is assumed to follow a
lognormal distribution, that is, InMy~ND(u,,T,0%T), where u, is the
annualized expected return of the market portfolio and ¢ is the annual variance
of the market return. We note that although the market model or the
Black-Scholes model adopts the assumptions of the (log-)normal distributions,
which may be inconsistent with the real conditions, they are still the most
popular models for both practitioners and academics. Although it is not
necessary, this paper still inherits their (log-)normal distributions assumptions for
two reasons. The first is to ensure that our model is as comparable with the
market model as possible. Rather than attempting to outperform the market
model with different distribution assumptions, we seek to retain the framework of
the market model but exploit option price information to obtain forward-looking
alpha, beta, and firm-specific risk. The second reason is that the (log-)normal
distribution assumptions can allow the proposed option pricing formula to
incorporate the Black-Scholes formula as a special case. This characteristic
ensures the superiority of our market-model option pricing formula over the
classical Black-Scholes formula in calibrating option prices.

Furthermore, following the RNVR in Theorem 1, we assume that the
end-of-period wealth of the representative agent wy, the gross return on the
market portfolio My, and the firm-specific risk component e; follow a

tri-variate transformed normal distribution as follows:

g (WT) Uy O-v%/ pwmo-wo-m\/T pweo-wo-e\/T
hy(M7) = In(M7)| ~ND [ﬂmT], PuwmOwImNT o T 0 ,
hy(er) = er 0 PweOwTNT 0 olT

11
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where the firm-specific risk component is assumed to be independent of the
return on the market portfolio according to the market model, and g(wy) is
assumed to be correlated to In(My) and ey with the coefficients p,,,, and pye,
respectively.

Since the representative agent’s marginal utility follows U'(wyg) =
exp(yg(wT)), which is lognormally distributed with mean yu,, and variance

y202, the mean of this lognormal random variable is
EP(U'(wr)) = exp (yuw + %yza‘f,).
Furthermore, the conditional distribution of marginal utility is derived as
(U’ (wr)| Mz, er)~ND Vit + ¥Pwm 5= (nMy = T + ¥ pye 5= (er = 0),
Yea (1l — pim= pive)):
and its conditional mean is obtained as

Ow

0,
EP (U (wp)| My, e) = ex + InM; — u., T) + — _(e;—0
(U'(wr)|Mr, er) p()/uw prmomﬁ( T — UmT) ypweaeﬁ( r—0)

1
+-v2 0w (1 = plom — pvzve))-

Finally, following Equation (2), we obtain the asset-specific pricing kernel

Z(Mr,er) as
Z(My,er) = exp (VPum 72 (InMy = i T) + YPre 722 (g = 0)

1 1
— Y2 pimow —gyzpéea‘i)- (5)

12
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3.2 Risk-Neutral Valuation Relationships

Since the log-return on the market portfolio (h;(M;) =In(My)) and the
firm-specific risk ( hy(er) =er ) follow a bivariate transformed normal
distribution, and they are by definition independent of each other, we obtain their

joint probability density function as
1 1
¢F My, er) = Voo v EXP (—ﬁ (InMp — HmT)Z) :

1 1 2
\2mo NT 4 (_ 20T (er = 0) ) (6)
Given the density of ¢f(My,er) in Equation (6) and the asset-specific
pricing kernel Z(My, er) in Equation (5), the option pricing formula based on
Equation (1) is derived as

oo 00 2
V=Rr"[ [ %exp(  (InMy = (T + ¥ PO 0 NT)) ) :

202,T

T OXP (- oz (er—(0+ YPuweowoNT)) ) dMyder. )

Proposition 1. (The prices of market portfolio return and firm-specific risk and
the RNVR substitution). By definition, the current prices P, and P, of the
underlying variables My and er, which are the returns on the market portfolio
and the firm-specific risk component for the individual stock, respectively, are
one and zero. P, is one because market participants can earn My by investing
one dollar in the market portfolio today. Following the assumption in CAPM,
only the systematic risk generates the risk premium, while the firm-specific risk is
not priced, i.e., P, is zero. Hence the current prices of the underlying variables

are linked with the means of InMy and ey in Equation (7) as

1
[Pm] R = [1] R = [exp (ymT + ¥ PwmOwOmNT + EaﬁlT) . ®

Fe 0 0 + ¥PweOw0NT

13
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We then obtain the following relations:

.umT + prmUwUm\/T _|In Rf - la,%lT
= 2 . 9)
VPweOwONT 0
Proof: See Appendix 1.
Substituting relations (9) into Equation (7), the option value is given by
4w ® C(Mper) ! _ 1 50\,
V=R ol VZR G T My exp( 202,T [lnMT (ln R —> JmT)] )
1 1 2 = p-1pQ

WGXP (—ﬁ(eT —0) )dMTdeT = Rf E (C(MT, eT)), (10)

where the expectation operator E9(-) is defined with the following risk-neutral

probability density function:

$%(Mr, e )=;ex —;[lnM —(lnR —lazT)]Z .
=T V2 NT My p 262,T T f%m

1 1
Tomo &P (—ﬁ(eT - 0)2). (11)

That is, equipped with the RNVR condition in Equation (9), we express the
option price with the present value of.its expected payoff as if we were in the
risk-neutral world. In addition, note that with this RNVR, only the means of My
and er are changed; the values of a, B8, and g, of C(My,er) in Equation (4)
are unaffected. In other words, the values of a, f, and o, calibrated based on
the proposed option pricing formula are exactly those desired by investors in the
real world.

Finally, by substituting the payoff function in Equation (4) into Equation
(10) and defining Z,, = In(My) and Z, = aT + e, we write the European call

option price as

V=R"[" [" Symax([(1—P)R; + Be?m + Z,|R7* — k,0) -

14
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1 1 .
\/EamﬁeXp( (m Hm)? )\/—U\/— p(—ﬁ(ze—lle)z)dZdee

=Rf* f _ f Somax([(1 = BIRy + pein + 2R ~ k, 0)9" (Zn)§* (Ze)

dZndZ,, (12)

where pun, = lan——omT U, = aT, and the second equation is derived by
defining ¢*(Z,,) and ¢*(Z,) to be the normal probability density functions for
Zm~ND (13, 6AT) and Z,~ND(us,02T), respectively.

Remark: Based on the same framework, we further discover that the abnormal
return aT can be interpreted as the future value of the price of the firm-specific
risk if we assume a nonzero value of P, in Equation (8). To obtain this
conclusion, we first use the market model without the abnormal return in the

option payoff (4), i.e.,
C(My,er) = Somax([(1 — B)Rs + BMr + er|R;* — k,0). 4"

Next, Equation (8) is rewritten given P, to be nonzero:

[ 1 ] R [exp (,umT + ¥ PwmOw O NT + %U%T)] )
f - .
Fe 0+ preO'WUe\/T
Following the risk-neutral condition in Equation (9) results in
[.umT + prmo-wo-m\/_] [ln Rf — _UmT] (9,)
preo'wo'e

and substituting Equations (4') and (9') into Equation (7) yields

_ p-1[® (o C(Mrer) 1 5 2 )
V =R; f_wfo ‘/_M—GmﬁMTexp( — 2T[lnMT (lan ZamT)]>

mi’eﬁ exp (—ﬁ (eT _PeRf)z) dMTdeT

15



Bing-Huei Lin Dean Paxson Jr-Yan Wang Mei-Mei Kuo

=R % [T Somax([(1 — B)Ry + Be?m + 2,)R;* — k,0) -

mimﬁ exp (- ﬁ = ti)?) m;ﬁ exp (- ﬁ (Ze = e)") dZmdZe, (12)

where Z, is defined as e; and Z,~ND(f},02T) given fi} = P.R;. By comparing
Equations (12) and (12'), one can conclude that they are identical if aT = P,Ry.

According to the above result, we are able to discuss a possible relationship
between the abnormal return and the price of the firm-specific risk. For the
market model, since the product of beta and the market risk premium captures the
compensation for bearing the market risk, then alpha can be intuitively viewed as
the compensation (and thus the price) for bearing the firm-specific risk. The
above derivation exactly reflects this inference. In addition, this finding and
explanation accommodate not only the market model but also the CAPM. Since
the CAPM assumes that the firm-specific risk is not priced, i.e., P, = 0, there
should be no abnormal return a in the CAPM. As for the market model, a
nonzero alpha is allowed, so the firm-specific risk may be or may be not priced
depending on the regressed alpha value being nonzero or zero. Although the
abnormal return a or equivalently the nonzero price P, for the firm-specific
risk is introduced in our option pricing model, we do not seek to disprove the
CAPM. On the contrary, our model, just like the market model, can be utilized to
attest the CAPM by examining the significance of the calibrated a based on
option prices.

Lastly, regarding index options, since the firm-specific risks of individual
stocks are fully diversified, there is no role for e; and thus a should be
ignored. Together with the definition of f =1 for the market portfolio, the
payoff of an index call option in Equation (4) reduces to S, max(MTRg1 -k, O),
where My is the only remaining random variable. Later we will show that our
option pricing formula reduces to the Black-Scholes formula given ¢ =0, =

1, and e; fixed at 0.

16
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3.3 Deriving the Pricing Formula for European Calls

To develop the option pricing formula, we evaluate V = R;*EQ(C(My, er))
or equivalently Eq. (12) and propose the following Theorem 2.
Theorem 2 (Market-model option pricing formula). 7o deal with the max
function in the payoff of the European call option, the option pricing formulas for

B being positive, zero, or negative are considered separately. When [ > 0,
V =S,eT[(eTDT — k + e=9TaT)N(My) + e~ 0, VTn(—M,)] +
Spe ™ [ SO - e + 2.1 — IIND,) +
e DTN(D)}¢* (Ze) dZ.: (13)
when [ =0,
V=S0e T[(e=DT — k + e~ aT)N(M,) + e~ 6,VTn(—M,)|; (14)
and when 3 <0,

V = S0e ™ [are_prerrt (1 — B + Ze]e™a — kIN(~D,) +

pe"DIN(=D)}¢"(Z.) dZ., (15)
where
_aT+(1-ple"T-eTk _aT+e"T—e9Tk pe™T
Ml_ Ueﬁ ) MZ_ U'g\/T _Ml +_O'E\/T’
aTk—(1-B)e"T-2z L OhT
D e ey S A (ko )
1 G'm\/T s
edTk—-(1-p)e" -2z, 0%, T
—In +(rT
D2: ( B )( 2)=D1_O-m\/T,

omNT

and N() and n (*) denote the cumulative distribution function and the

17
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probability density function of the standard normal distribution, respectively. In
addition, the definitions of Ry = e and R, = e9" are introduced to further
simplify the pricing formulas.

Proof: See Appendix 1.

Corollary 1 (Market-model option pricing for the market portfolio). Option
pricing on the market portfolio converges to the Black-Scholes formula. In
pricing index options, one can set f =1 (by definition), o« =0, and o, =0 (to
reflect that in equilibrium, as the total firm-specific risk is fully diversified out, it
is not necessary to consider the abnormal return) in Equations (4) and (13).

Thus, the pricing formula for the market index call option is obtained as

S, 0T S oHT
V = Soe_qTN (ln(Yo)-'—(r_q)T*—T) _ Ke—TTN (ln(?O)-'—(T—q)T_T). (16)

o NT o NT

Proof: See Appendix 1.

The final implementation issue associated with Equation (13) (Equation
(15)) is that its second (first) term should be evaluated with numerical
techniques. Inspired by Andricopoulos, Widdicks, Duck, and Newton (2003),
who develop option valuation models using quadrature methods, we use the
Gaussian quadrature (GQ) method* to compute the integral over Z, in
Equations (13) and (15) to obtain a semi-analytical solution. Our computer
program employs 600 points in the GQ method such that the generated option
prices converge within 10°, which guarantees that option values generated
through our program converge to their continuous limits. Moreover, our computer

program is fast, taking less than 0.1 seconds to compute each option price.

4 The GQ method is a numerical method for approximating an integral of any function. As the
convergence rate of the GQ method is theoretically faster than the rectangular rule, trapezoid rule, and
Simpson’s rule, we employ it to evaluate the integral in the proposed option pricing formulas
numerically. For background knowledge about the GQ method, see Press, Teukolsky, Vetterling, and
Flannery (1992).
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4. Calibration for Option-Implied alpha, beta,

and Firm-specific Risk

During the calibration process, we estimate g, in advance from the prices
of the S&P 500 index options (SPX) on each trading day. Equipped with the
value of o, and the prices of the equity options, we next calibrate the values of

a, B, and o, for each individual stock on that trading day.

4.1 Calibration of Option-Implied o,,(t,T)

It is commonly believed that the volatilities of financial assets are not
constant for different times to maturity. Therefore, on each date ¢, we derive the
whole term structure of the implied o,,(t,T) rather than a constant o¢,, by
respectively minimizing the option pricing errors of SPX index options for a

different T:

(17)

= 2
M(T K7,5m(t).R f(r,T).am(t,T),qm(t)|a=0,B=1.ae=0)—MT,KT]
2

Mt ko

min Y. [

om(t,T)

where My, and M(-) denote the market prices and theoretical values
generated by our option pricing model for SPX index options, respectively;
Sn(t) denotes the current index level of the S&P 500 index; K; denotes the
available strike prices of the SPX index options given a maturity date T; R(t,T)
is the gross risk-free rate from the current date t to the maturity date T. Note
that when evaluating SPX index options with Equation (16), the dividend yield
for each trading date t, q,,(t), is estimated as the annualized average difference
between the daily total returns and daily closing-price returns of the prior 252

trading days (about one calendar year).
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4.2 Calibration of Option-Implied «, £, and o,

In calibrating a(t), B(t), and o,(t) for each date t, we minimize the
squares of differences between the market and theoretical prices of the equity
options across different strike prices and times to maturity, given a,,(t,T), at this

time point; that is,

V(T K7, SR (£,1),2(t),8(t),0¢(t),a(®)|om (£.1)) ~Vr 2
Vrkp

Xr Xk . (18)

min
a(t),B(t),0.(t)

where V. and V(-) denote the market prices and theoretical call prices of
equity options generated by our model, S(t) denotes the current stock price for
the underlying stock on date t, T represents the different maturity dates of the
equity option on date t, and K represents the different strike prices of equity
options corresponding to a maturity date T. The dividend yield for each date ¢,
q(t), is estimated as the ratio of the sum of the cash dividends over the average
stock price in the previous one calendar year (approximated by 252 trading days).
Note that in order to obtain meaningful results for the three variables in the
minimization problem in Equation (18), we limit ourselves to those trading dates
with at least three qualified option prices.

There are a few miscellaneous details regarding solving Equation (18). First,
we use the spline interpolation to generate o,,(t,T) so that its horizon exactly
matches the time to maturity of the equity option contracts examined. Second, to
solve the least squares problem in Equation (18), we combine a grid search

method and a nonlinear least squares optimization procedure provided in Matlab.

20



Estimating the Implicit Market Model from Option Prices

We adopt a grid search method for S(t)° with increments of 0.01 in a proper
range;® and for each value of S(t) examined, the function lsgqnonlin in
Matlab is utilized to find the optimal values of a(t) and o.(t) to minimize the
least squares relative errors between the market and theoretical option prices.
Finally, among all the examined values of B(t), we choose that value which
generates the smallest least squares errors. With the above process, we obtain the
optimal a(t), B(t), and 0,(t) on each date t. Appendix 2 presents an example
illustrating the above calibration process to obtain the option-implied a(t),

B(t), and o,(t) for a trading day.

5. Empirical Illustration

The aim of the empirical examination in this study is to illustrate the
practical usefulness of the option implicit market model. A complete intensive

empirical study on an extensive large-scale dataset is left as future work.

5.1 Data Description

Our empirical sample includes SPX index options and individual equity
options; underlying each of these are the 21 component stocks of the S&P 500

index. Note that the chosen 21 blue-chip stocks are listed in the Dow Jones

5 Since the market model implies that the total variance can be decomposed into the systematic variance
related to B?% and the firm-specific variance, both positively increasing or negatively decreasing f
values contribute to a larger total variance and thus a higher option price. Consequently, when solving
Eq. (18), sometimes either a positive or a negative  value can generate similar option values. To
avoid this problem, we identify a proper range for S according to its historical possible range and
adopt the grid search for S.

6 For each date t, we derive the average value and standard deviation of the daily historical betas
(calculated based on a rolling 21-trading-day window) over the prior 42 trading days to construct a
proper range distribution of B(t) for the grid search method. The upper (lower) bound of the range is
set as the average value plus (minus) six times the standard deviation. Moreover, if the range of six
standard deviations is too narrow (< 0.7) or too wide (> 1.2), the value 0.7 or 1.2 is used to replace the

six standard deviations to generate a proper range for B(t).
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Industrial Average (DJIA) index continuously from 2008 to 20137 because they
have larger trading volumes and sufficient liquidity for their equity (options)
trading than other S&P 500 component stocks. We examine the period of
2008-2013 for the following reason: since option traders are typically regarded as
skilled or professional traders who would thus be expected to behave more
rationally during the crisis period (2008-2010), our option implicit market model
can test this argument by examining whether the performance of the option-
implied estimates of a, B, and o, in this abnormal period is superior than that
in a normal period, such as the three years following the crisis. To ensure a fair
comparison, the same time length (three years) is considered for the abnormal
period as well as the normal period.

The daily data for the option prices are collected from the OptionMetrics
database. Only call options are considered,® and the middle prices of the bid and
ask quotes are used as the market prices for each option contract. Since the
component equity options traded on the Chicago Board Options Exchange are
American-style options, we convert these American option prices into their
European counterparts using the binomial tree model of Cox, Ross, and
Rubinstein (1979). The continuously compounding Treasury zero rates with
different days to maturity provided by the OptionMetrics database are employed

to approximate risk-free interest rates.

7 For the historical changes in the composition of DJIA, see https://en.wikipedia.org/wiki/Historical
components_of the Dow Jones Industrial Average. From 2008 to 2013, 23 stocks are continuously
listed in the DJIA. However, as some data is missing in publicly-accessible databases, Coca Cola and
DuPont are not included in our empirical sample.

8 Since the novelty of this paper is to propose the option implicit market model to provide
forward-looking estimations of a, [, and o, based solely on the closing prices of the equity and
index options on a trading day, our empirical studies play an auxiliary role on illustrating how to use
this model given empirical data and showing the potential of this model to generate reliable estimates
for subsequent horizons. Therefore, we follow Bakshi, Cao, and Chen (1997), Eraker (2004),
Christoffersen, Heston, and Jacobs (2009), and Yun (2011) to achieve our goals based only on call
options.
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In our empirical sample, the option contracts are screened according to the
following criteria: (1) we examine both equity and index option contracts with
moneyness (K/Sy) in [0.75, 1.25]; (2) we filter out the market prices smaller than
and equal to the minimum tick, $0.25, because often the true values of these
options are expected to be lower than $0.25; (3) we eliminate the option contracts
if their implied volatilities based on the Black-Scholes model do not exist; and
(4) we discard the option market prices resulting in obvious arbitrage
opportunities based on the butterfly or bull/bear spreads (ignoring transaction
costs). Finally, we estimate forward-looking a, B, and ¢, for the subsequent 21
trading days (about one calendar month), since it is common for many fund
managers and security traders to utilize one-month-ahead @, f, and o, in their
investment decisions. To achieve this, we examine only equity options with times
to maturity between 10 and 50 calendar days.® As for the SPX index options, we
examine maturity date T between 2 and 180 calendar days for o,,(t,T) to
guarantee that the interpolated o,,(t,T) with matched times to maturity for the
examined equity options can be obtained. Table 1 reports the number of qualified
call options for each stock in our empirical sample and the average days to
maturity of the examined equity option contracts. The average times to maturity
of the equity options in our sample are around 30 calendar days (approximately

21 trading days).

9 Another concern about excluding option quotes with longer times to maturity is their quality
deficiency. First, those options with non-zero open interests concentrate on only one or two strike
prices, which may skew option-implied estimates. Second, the sparsity of option contracts in the
maturity dimension adds noise to the option-implied estimates. Take the BA (Boeing Company) stock
options on January 2, 2008 for example. All available times to maturity on this day include 17, 45,
136, 227, 381, 745 calendar days. Our model utilizes the option contracts with 17 and 45 (227 and
381) days to maturity to calibrate option-implied estimates for the following one month (year). The
differences between 227/381 and 365 are significantly larger than those between 17/45 and 30, which
significantly affects the quality of the option-implied estimates.
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Table 1. Number of Quotes and Average Days to Maturity of Qualified Call

Options, 2008-2013

Average time to

Call options of S&P 500 components Numbe;li)oftgsahﬁed maturity (number of
calendar days)
American Express Company (AXP) 16,525 30.4
Boeing Company (BA) 19,795 28.6
Caterpillar Incorporated (CAT) 18,255 30.1
Walt Disney Company (DIS) 15,154 299
General Electric Company (GE) 9,856 29.9
Home Depot Incorporated (HD) 14,252 30.0
International Business Machines (IBM) 20,043 29.0
Intel Corporation (INTC) 8,975 31.8
Johnson & Johnson (JNJ) 9,030 29.5
JPMorgan Chase (JPM) 21,187 299
McDonald’s Corporation (MCD) 14,506 29.4
3M Company (MMM) 13,926 28.6
Merck & Company, Incorporated (MRK) 14,273 30.2
Microsoft Corporation (MSFT) 13,575 30.2
Pfizer Incorporated (PFE) 8,589 29.3
Procter & Gamble Company (PG) 14,014 28.6
AT&T Incorporated (T) 10,170 313
United Technologies Corporation (UTX) 13,728 29.0
Verizon Communications Inc. (VZ) 13,771 299
Wal-Mart Stores Incorporated (WMT) 13,080 28.9
Exxon Mobil Corporation (XOM) 12,295 30.2

This table reports the number of quotes and average days to maturity of the qualified call options of each

examined stock in this paper.

5.2 Calibration Performance

Table 2 presents the calibration performance of our market-model option

pricing model and the Black-Scholes model in terms of daily squared root of

mean squared percentage errors (RMSEs). To obtain the RMSE of our model on
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each examined date, we calculate the square root of the ratio of the minimized
values in Equation (18) over the number of examined option contracts on that
date. As for the Black-Scholes model, we first obtain one implied volatility value
o(t) by minimizing the squared percentage pricing errors of the Black-Scholes

model for all examined option contracts on each trading day ¢, i.e.,

2
B3(T K, S(O),R(ET),0(8),4(0))~Vr k7

Vrkr

b

min Xr Ly [

where the definitions of all variables are the same as those in Equation (18),
E’S’(T, KT,S(t),Rf(t, T),a(t),q(t)) returns the theoretical Black-Scholes option
lnI;f_(;T) is employed as the input for the Black-Scholes model.

Then the RMSE of the Black-Scholes model on each examined date is calculated

value, and r =

as the square root of the ratio of the minimized values in the above equation over
the number of examined option contracts on that date.

For each stock, the reported calibration error is computed as the average of
the daily RMSEs in the examined period. Generally speaking, our market-model
option pricing model generates option values which are very close to actual
market prices. The average percentage errors are 2.27%, 3.00%, and 2.64% in
2008-2010, 2011-2013, and 2008-2013, respectively. A comparison of Panels (a)
and (b) in Table 2 reveals that the calibration errors of our model are smaller than
those of the Black-Scholes model in all cases except for the case of VZ in 2012.
For the Black-Scholes model, the averages of calibration RMSEs across all
stocks are 5.63%, 5.82%, and 5.72% in 2008-2010, 2010-2013, and 2008-2013,
respectively. It is worth noting that the accurate fitting performance demonstrates
the appropriateness of incorporating the market model with multivariate normal
or lognormal distributions into the RNVR framework. Moreover, the excellent
fitting performance ensures that our option implicit market model delivers

reasonable estimates of alpha, beta, and firm-specific risk based on option prices.
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Table 2. Calibration Performance of Market-Model Option Pricing Model and
Black-Scholes Option Pricing Model

Panel (a) Average RMSEs in different periods based on proposed market-model option pricing model

Average 2008- 2011-  2008-
RMSEs (%) 2008 2009 2010 2010 2011 2012 2013 2013 2013
AXP 2.47 1.90 2.52 231 241 2.04 2.12 2.19 2.25
BA 3.33 1.98 1.77 2.36 2.67 3.99 4.39 3.68 3.03
CAT 4.19 1.73 2.07 2.66 3.43 423 4.58 4.08 3.37
DIS 2.15 2.01 2.66 2.28 2.25 3.44 3.65 3.11 2.71
GE 2.40 1.47 1.03 1.68 2.88 1.08 2.13 2.02 1.85
HD 1.48 222 3.29 2.35 1.99 4.71 2.82 3.16 2.76
IBM 4.10 2.97 2.44 3.17 3.34 4.52 11.26 6.38 4.77
INTC 2.37 241 1.87 222 2.13 2.55 2.87 2.51 2.36
INJ 2.05 1.39 1.63 1.69 2.62 1.69 5.59 3.36 2.58
JPM 2.02 1.89 2.12 2.01 2.25 2.09 2.66 2.33 2.18
MCD 3.49 2.52 2.00 2.68 3.17 2.09 3.85 3.05 2.86
MMM 2.50 1.60 1.63 1.90 2.79 2.52 3.47 292 242
MRK 3.30 2.20 3.19 2.89 1.94 1.86 3.33 2.38 2.64
MSFT 1.90 1.15 1.73 1.59 2.08 1.90 3.29 243 2.00
PFE 1.92 0.96 2.08 1.58 1.23 1.19 1.65 1.37 1.46
PG 2.79 2.36 1.58 2.25 1.67 1.28 2.54 1.84 2.05
T 2.93 2.44 1.80 242 1.39 2.33 2.11 1.94 2.18
UTX 2.61 2.10 1.55 2.09 2.16 241 3.30 2.63 2.36
vz 2.39 2.52 1.20 2.05 2.12 8.82 4.40 5.13 3.63
WMT 3.24 1.68 1.30 2.09 1.52 4.11 4.40 3.36 2.72
XOM 3.72 3.14 3.27 3.38 2.59 2.36 4.48 3.14 3.26
Average 2.73 2.03 2.03 227 232 291 3.76 3.00 2.64

Panel (b) Average RMSEs in different periods based on Black-Scholes option pricing model

Average 2008- 2011-  2008-
RMSEs (%) 2008 2009 2010 2010 2011 2012 2013 2013 2013
AXP 7.23 6.71 6.12 6.66 6.22 4.57 4.14 498 5.79
BA 5.25 5.26 5.38 5.30 6.56 597 5.69 6.07 5.69
CAT 6.01 5.46 5.63 5.70 6.60 6.15 4.96 5.90 5.80
DIS 4.86 4.90 5.13 4.96 6.09 5.67 5.50 5.75 5.37
GE 6.14 5.33 4.13 5.27 4.97 3.88 4.62 4.48 4.87
HD 5.53 5.90 5.66 5.70 5.94 491 4.99 5.28 5.49
IBM 8.28 6.63 5.10 6.67 7.37 7.47 1247 9.11 7.89
INTC 5.64 5.11 4.97 5.24 4.78 5.09 5.33 5.06 5.15
INJ 5.08 432 5.02 4.83 6.54 5.21 5.68 5.82 5.36
JPM 8.49 6.55 5.56 6.85 6.43 5.01 4.71 5.39 6.11
MCD 6.70 5.30 5.02 5.68 5.73 4.95 6.33 5.68 5.68
MMM 6.18 5.88 5.07 5.70 7.22 6.83 6.36 6.80 6.26
MRK 5.00 5.95 6.34 5.77 6.56 5.87 5.89 6.10 5.93
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MSFT 4.76 342 3.56 391 4.29 3.84 4.68 4.27 4.09
PFE 4.66 4.56 3.81 4.26 4.87 3.87 4.20 4.28 4.27
PG 6.44 4.87 5.20 5.51 5.96 4.97 591 5.61 5.56
T 6.17 7.00 7.30 6.80 6.77 6.91 6.02 6.56 6.68
UTX 5.98 5.59 4.89 5.49 7.31 6.32 6.66 6.77 6.14
vZ 6.38 6.69 8.57 7.20 8.75 6.70 5.82 7.07 7.13
WMT 6.25 4.26 4.05 4.87 4.84 441 5.35 4.87 4.87
XOM 7.01 5.66 4.83 5.85 6.72 5.71 6.41 6.28 6.07
Average 6.10 5.49 5.30 5.63 6.22 5.44 5.80 5.82 5.72

This table reports the calibration errors based on our market-model option pricing model (Panel (a)) and
the Black-Scholes model (Panel (b)). The errors in each period are measured as the averages of the daily
square roots of mean square errors (RMSEs). For our market-model option pricing model, RMSEs are
calculated according to the minimization results in Equation (18). For the Black-Scholes model, we first
calibrate one implied volatility value by minimizing the squared percentage pricing errors of the
Black-Scholes model for all examined option contracts on a trading day and then calculate the
corresponding RMSE on that trading day. The calibration errors of our market-model option pricing
model are smaller than those of the Black-Scholes model in all cases except for the case of VZ in 2012.

Note that the small calibration errors also suggest that the commonly found
volatility skew for equity options is partially explained by our market-model
option pricing formula, since there is a tight relationship between an option price
and its Black-Scholes implied volatility. In the illustrative example in Appendix 2,
the implied volatilities of the option values generated by our option pricing
formula and the market option prices exhibit similar skewed patterns across
different strike prices. Although it is not our intention to develop an option pricing
model to account for volatility skew, this desired byproduct enhances the rationality
of the incorporation of the market model into the option pricing formula.

Several reasons are presented to explain the superiority of the market-model
option pricing formula over the Black-Scholes formula in describing the option
price behavior. First of all, we believe that calibrating prices of options with
different strike prices could help to identify the volatility of the idiosyncratic
term (i.e., the firm-specific risk); at the same time, alpha could be identified as
the corresponding market price of risk of the firm-specific risk according to our
analysis in Section 3.2. Concerning beta, the following two criteria could be

implicitly matched when determining its value in the optimization process. First,
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beta and firm-specific risk co-determine the total (implied) variance of an
individual stock, which equals the sum of the systematic risk (f%072) and the
firm-specific risk (62) according to the market model. Second, as shown in the
proposed option pricing formula in Theorem 2, beta and alpha co-determine the
in-the-money probability of options. Since the above two criteria are well known
to be critical in evaluating option values, determining a proper value of beta

could significantly enhance the calibration performance for option prices.

5.3 Empirical Results

This section reports the estimation results and the prediction performance of
our option-implied a, f, and o0,. Since our model obtains a set of option-
implied estimates (applied in the subsequent one month) based on options prices
with different strike prices for a single trading day, to examine this special
feature, we here adopt a daily rather than monthly frequency for the empirical
illustration. On each trading date, to analyze the prediction ability of our
option-implied estimates, the comparison benchmarks of the a, §, and o, are
obtained by performing the regression between the daily stock and index excess

returns on the subsequent 21 trading days according to the market model.!” In

10 In estimating the realized estimates on a trading day t, the excess daily returns on the subsequent 21
days (including the examined day t) are employed to estimate the realized «, £, and o,; i.e., we
regress

Trerd _ Trred _
Tit+d — 252 Areat + Breal (rm,t+d T Tum2 ) +¢, for d =0,1,...,20,

where 7;, and 7,, are the one-day equity and index total returns for day t (collected from the
Yahoo! Finance website and Datastream, respectively), 77, is the prevailing one-month Treasury
zero rate on day t (collected from OptionMetrics), and & follows a normal distribution with zero
mean and standard deviation 6,.y. Given the estimates of @req;, Breass and Greq, the reported
realized @, B, and o, on day t are 252&,eq;, Brea» and V2526 a1, respectively. Similarly, based
on the excess daily returns on the prior 21 days, the reported historical @, 8, and o, on day t are
respectively 252&nise, Phise» and V25265, Where @pise, Bhise, and Gpise are obtained by regressing

Tft-d _ Tft—d _
Tit-d = 5oy = ®nist T Bhist (rm,t—d i ) +e, for d =12,..,21,

where € follows a normal distribution with zero mean and standard deviation oyp;5. Note that &,q
and Greq; (@nise and ypise) must to be annualized such that the realized and historical @ and o, are
comparable to the @ and o, of our option-implicit market model specified in Equation (4).
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this paper, we call these benchmarks the realized a, 8, and o,.

In the literature, almost no attempts have been made to derive approximations
for actual alpha and firm-specific risk, although there are two common
comparison benchmarks to approximate the actual § for a subsequent period of
time. One follows the definition of beta in the CAPM and the other applies the
concept of realized (co)variance to generate the approximation of actual beta.'!:!?
We emphasize that since our option implicit market model generates
option-implied forecasts for not only £ but also o and o,, it is not fair to
compare individually our option-implied f with the above two comparison
benchmarks for actual B or other papers which estimate only f for a
subsequent period of time. To fully examine the proposed model, our choices are
limited to evaluating the prediction performance by comparing our option-
implied «, , and g, with the realized a, B, and g,. In addition, the historical
regression results of a, 8, and o, for the prior 21 trading days are also employed
as a competitor of our model for predicting the realized a, 8, and o,.

5.3.1 Estimation Means and Standard Deviations and Tests of CAPM

Table 3 reports the means of daily option-implied, realized, and historical
a, B, and o, for each stock in the period from 2008 to 2013. In addition, the
corresponding t-statistic is also presented in parentheses under each mean value.
Since overlapping samples of stock returns are employed to estimate realized and
historical estimates, the Newey-West method is employed to calculate the
standard errors of the means of realized and historical @ and . The mean and

corresponding t-statistic in boldface indicate 5% significance.

11 For details on this realized (co)variance approach, refer to Andersen, Bollerslev, Diebold, and Wu
(20006).

12 For example, Blume (1971), French, Groth, and Kolari (1983), Braun, Nelson, Sunier (1995),
Armitage and Brzeszczynski (2011), and Bali, Engle, and Tang (2013) employ the first type of
benchmark to approximate the actual beta; Buss and Vilkov (2012), Chang, Christoffersen, Jacobs,
and Vainberg (2012), Baule, Korn, and SaPning (2016), Hollstein and Prokopczuk (2016), and
Hollstein, Prokopczuk, and Simen (2019) employ the second type of benchmark to approximate the
actual beta.
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Table 3. Means of Option-implied, Realized, and Historical «, B, and o,

2008-2013
Mean Option-im Option-im Optll(i):(;m Realized Realized Realized Historical Historical Historical
(t-statistic) plied alpha plied beta sigma o alpha beta sigma e alpha beta sigma e
AXP 0.089 1.382 0.183 0.095 1.373 0.214 0.089 1.387 0.220
(0.860) (4.141) (1.774) (1.643) (9.104) (1.620) (1.392) (8.756) (1.594)
BA 0.066 1.100 0.182 0.074 1.027 0.203 0.063 1.033 0.204
(0.856) (4.959) (2.363) (1.115) (24.652) (2.421) (0.960) (23.653) (2.443)
CAT 0.063 1.384 0.196 -0.032 1.324 0.204 -0.038 1.324 0.204
(0.622)  (5.316) (2.326) -(0.380) (16.331) (2.153) -(0.454) (16.414) (2.164)
DIS 0.067 1.156 0.149 0.094 1.036 0.165 0.085 1.031 0.164
(0.978) (5.284) (2.324) (2.014) (26.782) (2.274) (1.850) (25.398) (2.296)
GE 0.075 1.323 0.149 -0.123 1.175 0.192 -0.081 1.182 0.191
(0.670) (4.727) (1.234) -(1.693) (30.592) (1.333) -(1.236) (30.255) (1.342)
HD 0.081 1.061 0.165 0.199 0.913 0.186 0.207 0.917 0.189
(1.068) (3.716) (1.991) (3.067) (26.672) (2.232) (3.158) (27.018) (2.239)
IBM 0.057 0.866 0.125 0.087 0.741 0.143 0.090 0.742 0.144
(0.893) (4.487) (2.068) (1.655) (33.122) (2.115) (1.392) (32.635) (2.112)
INTC 0.073 1.170 0.181 0.032 1.009 0.195 0.027 1.010 0.195
(1.260)  (3.992) (2.631) (0.516) (18.546) (2.628) (0.421) (16.994) (2.589)
INJ 0.064 0.634 0.088 0.061 0.526 0.107 0.066 0.520 0.105
(1.133)  (2.615) (1.712) (1.707) (12.571) (2.079) (1.860) (14.106) (2.038)
JPM 0.093 1.478 0.203 -0.004 1.556 0.256 0.013 1.571 0.260
(0.859) (4.783) (1.686) -(0.037) (14.754) (1.393) (0.133) (14.575) (1.389)
MCD 0.071 0.625 0.124 0.126 0.524 0.139 0.122 0.519 0.142

(1.021) (2.974) (2.687) (2.321) (23.214) (2.405) (2.327) (22.974) (2.399)
MMM 0.072 0997  0.102 0034 0919 0126 0027 0913  0.126
(1.114)  (6.276) (1.722) (0.895) (41.894) (1.846) (0.753) (41.260) (1.853)
MRK 0.063  0.844  0.152 0037 0674  0.191 0023  0.683  0.191
(0.820) (3.118) (L.711) (0.603) (24.643) (1.654) (0.366) (26.316) (1.661)
MSFT 0.050  1.044  0.171  -0010 0917 0196  0.005 0916  0.19
(0.726)  (4.005) (2.129) -(0.166) (35.998) (2.043) (0.075) (36.146) (2.041)

PFE 0.066 0910  0.141 0046 0759 0157 0054 0750  0.159
(1.100) (3.877) (2.312) (0.888) (19.159) (2.124) (1.062) (21.070) (2.154)
PG 0059  0.643  0.110 0004 0544 0130 0011 0541  0.130
(0.956) (2.587) (2.258) (0.084) (11.770) (2.369) (0.242) (11.634) (2.385)
T 0.092 0841  0.120 0017 0.697 0145  0.005 0708  0.149
(1.165)  (3.972) (1.881) (0.280) (19.245) (2.113) (0.089) (20.425) (2.145)
UTX 0075  1.070 0111 0032  1.012 0136 0030  1.012  0.136
(1.037) (6.985) (2.123) (0.830) (36.348) (2.359) (0.774) (37.611) (2.392)
vz 0.099 0763  0.131  0.089  0.646 0157  0.060  0.646  0.159
(1311) .903) (2207) (1.490) (19.314) (2.144) (1.025) (19.224) (2.146)
WMT 0057 0570 0135  0.098 0454 0149 0113 0455  0.150
(0.915) (2.068) (2.405) (2.060) (13.396) (2.279) (2.364) (14.199) (2.297)
XOM 0067 0926  0.107 0014 085 0133 0019 0852  0.133

(0.694) (5.377) (1.702) (0.191) (31.434) (1.729) (0.248) (31.373) (1.731)

For each stock, this table reports the means and their corresponding t-statistics of the daily option-implied,
realized, and historical @, B, and o, for the whole period of 2008-2013. Since the realized and historical
estimates are generated with overlapping samples, the Newey-West method is utilized to adjust the standard
errors of the realized and historical @ and f. For other estimates, their standard errors are approximated
by the standard deviations of their sampling distributions. Boldface figures indicate 5% significant results.
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We first observe that the means of option-implied estimates are close to
those of realized estimates. Across the 21 stocks, the averages of the differences
between the means of the option-implied and realized «, £, and o, are 0.025,
0.100, and -0.024, respectively. Second, although their means are at similar
levels, the standard deviations of the option-implied estimates (not reported in
Table 3) are in general smaller than those of the realized and historical estimates,
particularly for the option-implied «. Third, by analyzing t-statistics, one can
infer common phenomena among option-implied, realized, and historical
estimates: the estimated [(’s are significant with large t-values for all stocks,
with the significant estimated o,’s for fewer cases, whereas the estimated a’s
rarely differ significantly from 0."* Significant f and insignificant @ based on
our option implicit market model verify that the CAPM holds in 21-trading-day
periods even when using the forward-looking option-implied estimates of a, S,
and o,. These results are consistent with those based on the market model and
can be anticipated: if a significantly nonzero alpha were to exist for any of the 21
stocks, which are perhaps those stocks that catch the most attention of traders
worldwide, it would no doubt be exploited by traders to make a profit and thus
bring the nonzero alpha back to a near-zero level. Finally, since there is only a
21-trading-day lag between the realized and historical estimates, it is not

surprising that the means and corresponding t-statistics of the realized and

13 Equipped with the regression-based realized and historical estimates on each trading day, similar
phenomena for any examined stock can be obtained by counting the frequency of the dates that yield
significant @ and B: f is significant for almost all dates, but it is rare to observe a significant a.
In our data set, the significance frequency of a is usually less than 5% of the total examined trading
days, regardless of different stocks or examined periods.
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historical estimates are close.'*

Moreover, Figure 1 cross-sectionally compares the means of option-implied
and realized estimates based on the results in Table 3, by depicting the scatter
diagrams for the means of the realized a, , and o0, versus the means of the
option-implied a, f, and o, of the 21 stocks from 2008 to 2013. In each
diagram, we also report the least-squares linear regression line among the scatter
points of different stocks. First, we observe in Panels (b) and (c) that § and o,
generated by our option-implicit market model are on average close to the
realized f and o, in the subsequent one month for different stocks, because the
slope coefficient and R-squared value for the beta (sigma_e) analysis in Panel (b)
(Panel (c)) are 1.018 and 0.9713 (1.0691 and 0.9213), respectively, both of which
are close to unity. Second, in contrast, the means of option-implied @ do not
match the means of one-month-ahead realized a well across different stocks.
The slope coefficient and R-squared value for the alpha analysis in Panel (a) are
0.6122 and 0.0149, both of which deviate from 1. We attribute these mediocre
results to the fact that most of the means of the realized a and all of the means
of our option-implied a are insignificant for different stocks in Table 3.
Consequently, the low R-squared value for the regression line in Panel (a) of

Figure 1 is not surprising.

14 Recall that for each trading day t, the daily excess returns on the subsequent (previous) 21 days are
employed to estimate the realized (historical) a, B, and o, based on the market model. Hence the
historical a, f, and o, on trading day t + 21 are exactly the same as the realized a, f, and o, on
trading day t. When calculating the average differences between the realized and historical «a, S,
and g, over any period, only those cases on the first and last 21 trading days of the examined period
contribute discrepancies; thus the average differences between the historical and realized «, B, and
o, are extremely small. However, even with these small average differences, we will show that the
historical market model is actually inferior to our option implicit market model in predicting the

realized a, B, and o,.
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Figure 1.
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Estimating the Implicit Market Model from Option Prices
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Scatter Diagrams for Averages of Realized Estimates versus Averages

of Option-Implied Estimates in 2008-2013. The three diagrams are

depicted based on the results in Table 3.
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However, comparing the means of the option-implied (or historical)
estimates with those of the realized estimates is not appropriate when examining
the forecasting ability of the option-implied estimates, which is of most concern
to us here. Therefore, in the next subsection, we measure the prediction
performance of our model by calculating the MAE (mean of absolute errors) of
the daily difference between our option-implied estimates with the realized
estimates for the whole period in addition to several subperiods.

5.3.2 Tests of Prediction Ability

Tables 4 to 6 present the MAE analyses when using our option-implied
estimates (or the historical estimates) to predict the realized «, f, and g,. A
smaller MAE indicates a superior model to predict the dynamic variation in «a,
B, or g, on the following 21 trading days. We also conduct a t-test with
Newey-West adjustment to statistically compare the MAEs of the option-implied
and historical estimates for different periods of time. A negative (positive)
t-statistic indicates a smaller MAE and thus superior prediction power of the
option-implied (historical) estimate, and the boldface figures indicate the
5%-significance t-statistic results. Note that the 21 stocks are sorted in Tables 4
to 6 according to their numbers of qualified option quotes, as we will show later
that the prediction powers of the option-implied estimates are more satisfactory
for stocks with more qualified option quotes.

In Table 4, we observe that our option-implied a are superior to the
historical a in predicting the realized a because all of the MAEs of our
option-implied a (versus the realized a) are smaller than the corresponding
historical a across all examined stocks in any examined period. In fact, the time
series of the option-implied a is more stable than that of the historical a in all
cases due to the smaller standard deviations of absolute errors between the
option-implied and realized a. For the respective periods of 2008-2010,

2011-2013, or 2008-2013, all t-statistics are negatively significant in Table 4,
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which shows that the option-implied a dominates the historical a in predicting
the future a in both crisis and normal periods.

For Table 5, several phenomena are worth discussing. First, the option-
implied S shows a slightly better prediction ability than the historical f from
2008 to 2013. The MAEs of the option-implied [ (versus the realized f) are
smaller than those of the historical  in 11 of the 21 stocks. Among the 11 (10)
stocks for which the option-implied (historical) f generates smaller MAEs, 7
(5) are 5% significant.

Second, the prediction ability of our option-implied S dominates that of the
historical B in the normal market condition from 2011 to 2013. Specifically, our
option-implied S performs better for 15 of the 21 stocks in terms of smaller
MAESs, and 9 of these 15 stocks generate significantly negative t-statistic results
from 2011 to 2013.

Third, the option-implied f does not necessarily perform better than the
historical f in predicting realized [ in the crisis period from 2008 to 2010. For
our model, although 12 of the 21 stocks generate smaller MAEs for our option-
implied f, only 2 of these are significant. However, in comparison to the
satisfactory prediction ability of our model in the normal market condition from
2011 to 2013, we would rather attribute the mediocre performance of our model to
the inability of (professional) option traders to predict the future in an unprecedented
crisis than to the existence of structural model problems. In other words, our
results do not support the hypothesis that option traders possessed more information
during the crisis period in 2008-2010. Another point worth emphasizing is that since
the option-implied estimates exhibit superior forecasting ability in the normal
period as compared to the crisis period, results that are more favorable to us could
be obtained by including more subsequent normal years in the empirical sample.
To ensure fair comparisons, we thus constrain ourselves to examining only the

three-year crisis period and the subsequent three-year normal period.
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Last, we find that the option-implied f shows superior prediction power
for stocks with more qualified option quotes. The upper (bottom) half in Table 5
presents the sample of the examined stocks with more (fewer) qualified option
quotes. The option-implied f generates smaller MAEs than the historical § (or
equivalently negative t-statistic values) in 8, 9, and 8 of the 11 stocks in
2008-2010, 2011-2013, and 2008-2013, respectively, for the upper half of Table
5. Moreover, there are more significantly negative (positive) t-statistic values in
the upper (bottom) half of Table 5. These observations suggest that with more
qualified option quotes, one obtains more informative option-implied estimates
through the option implicit market model.

Table 6 shows the MAE analyses for the option-implied and historical g,
versus the realized o,. The MAEs of both estimates are of similar magnitude, but
the option-implied g, still provides an advantage in predicting the realized o,.
We find in Table 6 that the option-implied o, generates smaller MAEs for 16,
13, and 15 of the 21 stocks in the period of 2008-2010, 2011-2013, and
2008-2013, respectively. The results of the t-test show that among the 16, 13, and
15 smaller MAEs for the option-implied a,, 6, 4, and 8 are significant in
2008-2010, 2011-2013, and 2008-2013, respectively. In addition, the MAEs of
both estimates are generally smaller in the normal condition period from 2011 to
2013 than in the crisis period from 2008 to 2010, which suggests that it is
difficult to estimate firm-specific risk in the crisis period, regardless of whether
the historical return information or the option-implied information is used.
Moreover, the MAEs of both estimates are exceptionally large for AXP and JPM
in 2008 and 2009. Note that AXP (American Express Company) and JPM
(JPMorgan Chase) are financial companies which experienced extreme
difficulties in the subprime crisis and the subsequent credit crisis from 2008 to
2009. This shows that under a crisis, although firm-specific risk may become

more severe, neither the proposed option-based model nor the market model
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predicts this effect. Last, for the upper half of Table 6, which presents the results
for stocks with more qualified option quotes, the superiority of the
option-implied g, is more pronounced. Of the 11 stocks in the upper half, 10
(5), 9 (2), and 9 (6) are with (significantly) smaller MAEs generated by the
option-implied estimate of o, in 2008-2010, 2011-2013, and 2008-2013,
respectively. In contrast, the option-implied o, performs (significantly) better
only in 6, 4, and 5 (1, 2, and 2) cases for the 10 stocks in the bottom half of Table
6 in 2008-2010, 2011-2013, and 2008-2013, respectively. This finding again
implies the preferable prediction power of the option-implied estimates given

sufficient observations of qualified option quotes.

6. Robustness Test

For the empirical illustration in Section 5, since actual @, S, and o, cannot
be observed, we employ the market model (single-index model), the most
common approach in both academic and practice, to estimate the realized «, S,
and o, in a future horizon and use these to approximate the actual values.
However, this comparison could be susceptible to unexpected impacts from
errors when approximating the actual a, f, and g, with the realized «a, f3, and
o, for a future period of time. Therefore, in this section we conduct a more direct
comparison by predicting the future one-month (21-trading-day) stock returns
(conditional on the contemporaneous index returns) based on the option-implied
and historical @ and B as a robustness test. The tests in this section not only
avoid estimating the realized «, f8, and o,, but also are more appropriate when
evaluating the major purpose of our option-implicit market model: predicting
expected stock returns.

For each stock, we obtain the prediction errors of the option-implied and

historical estimates on a trading day t via
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© e Ximp (t)
Prediction error;p, (t) = Yr(t) — Re(¢,T) — 7
_.Bimp (t) [MT(t) - Rf(t; T)]; (19)
Apier(t
Prediction errorys (t) = Yr(t) — Re (¢, T) — mls—tz()
—Bhist (1) [MT(t) — Re(t, T)], (20)
where T —t = % = 1—12, Yr(t) and M;(t) denote the future 21-trading-day

(from t to T) equity and index gross returns, respectively, Re(t,T) is the gross
risk-free rate from t to T, and @y, (t) and Bim,(t) (apis(t) and Bpi(t)) are
the option-implied (historical) alpha and beta obtained on the examined trading
day t. We then -calculate the means of |Prediction errorimp(t)| and
|Prediction errory;: (t)| (MAEs) and the t-statistic for the difference of the two
MAEs based on the Newey-West standard error for 2008-2010, 2010-2013, and
2008-2013, respectively. A negatively significant t-statistic indicates that our
option-implied a and [ outperform the historical counterparts in predicting the
future one-month stock return conditional on the contemporaneous index return.
The MAEs based on the option-implied and historical estimates, their
differences, and the corresponding t-statistic of all examined stocks in
2008-2010, 2010-2013, and 2008-2013 are shown in Table 7.

Panel (a) of Table 7 shows return-prediction MAEs with the presence of the
option-implied @ and the historical « if it is significant,'® i.e., if ap;q(t) is

not significant based on the market model, there is no ()

in Equation (20).
In contrast, Panel (b) of Table 7 shows the results without the option-implied and

historical «, i.e., there is no ai"ll—’;(t) (%ils—;(t)) term in Equation (19) ((20)). We

15 For option-implied a, since we cannot identify its significance based on only the option quotes on a
single trading day, we here employ the full version of Equation (19) to calculate the prediction error
for the future 21-trading-day return.
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examine the prediction errors without a because the a;m,(t) obtained by our
model is consistently close to zero, and the significance frequency of the ay;s(t)
is usually less than 5% of the total trading days examined, regardless of different
stocks or examined periods.

Overall speaking, by comparing the averages of return-prediction MAEs and
the averages of mean errors across all stocks in each examined period, shown at
the bottom of the two panels, we observe that without a (Panel (b)), the
averages of MAEs are smaller, but the averages of mean errors generally deviate
more from zero. In Panel (a), our option-implied ¢ and [ generates smaller
return-prediction MAEs in 61 (49 significantly) cases out of the total 63 cases
(the combinations of the 21 stocks and 3 examined periods of 2008-2010,
2010-2013, and 2008-2013). In contrast, the historical estimates perform better
only in two cases, neither of which is significant. Finally, in Panel (b), our
option-implied estimates outperform the historical estimates in 38 (10
significantly) cases, representing 60.32% (15.87%) of the total 63 cases, and the
historical estimates generate smaller return-prediction MAEs in 25 (6
significantly) cases, representing 39.68% (9.52%) of the total 63 cases.

Several conclusions can be obtained from Table 7. First, our option-implied
estimates generate more accurate predictions for the future one-month
(21-trading-day) stock returns (conditional on the contemporaneous index
returns) than the historical estimates, regardless of whether a is included.
Second, under the more common setting of including significant historical a in
Panel (a), the superiority of our option-implied a and B for predicting future
stock returns is clearly more pronounced. Third, without option-implied and
historical «a, i.e., in Panel (b), since only information about [ is utilized, the
degree of superiority of our option-implied S over the historical £ is similar to
that in Table 5, where the option-implied £ is closer to the realized f in 38 (18

significantly) cases, representing 60.32% (28.57%) of the total 63 cases, and the
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historical f is closer to the realized B in 25 (14 significantly) cases,
representing 39.68% (22.22%) of the total 63 cases. Although the significant
cases in Panel (b) of Table 7 and in Table 5 do not match exactly, they are still
somewhat consistent. For example, for the first seven stocks in Table 5 (with
more qualified option quotes), including JPM, IBM, BA, CAT, AXP, DIS, and
MCD, the option-implied S in general perform better in Panel (b) of Table 7. On
the other hand, for the last five stocks (except INTC) in Table 5 (with less
qualified option quotes), the historical f are superior to the option-implied f

not only in Table 5 but also in Panel (b) of Table 7.

7. Conclusion

Option prices are commonly believed to provide additional information on
the volatility of the underlying stock return for future periods. Although option
prices are informative about future volatility, there is little research on using
option prices to estimate future levels of alpha, beta, and firm-specific risk,
particularly the latter two, which are theoretically related to the future volatilities
of the index and individual stock returns.

This paper develops an equity option pricing model involving the volatility
of the market return and the level of alpha, beta, and firm-specific risk of the
underlying stock, by incorporating the market model within the framework of the
multivariate RNVR. This market-model option pricing formula enables the
estimation of alpha, beta, and firm-specific risk of individual stocks based solely
on the prices of equity and index options. As a result, although our model
employs only information on option prices, it plays an analogous role to the
market model in testing the CAPM or generating forward-looking estimates of
alpha, beta, and firm-specific risk of individual stocks.

We conduct empirical experiments to evaluate the proposed option implicit

50



Estimating the Implicit Market Model from Option Prices

market model with the prices of the SPX index options and equity options for 21
stocks continuously listed as DJIA components from 2008 to 2013. Our
option-implied estimates demonstrate that the CAPM holds for the examined 21
stocks. As for the prediction accuracy comparison for the realized alpha, beta,
and firm-specific in the subsequent one calendar month, the significantly
better-performing percentages of our option-implied estimates outnumber
(sometimes by multiple times) those of the historical estimates except for
estimating beta in the financial crisis of 2008-2010. Moreover, in any examined
time period, at least 52% of our option-implied estimates outperform the
historical estimates, including both significant and insignificant cases. We thus
conclude that our option-implied estimates show superior (slightly better)
prediction power over the regression-based historical estimates in the forecasting
of future alpha, beta, and firm-specific risk in normal (crisis) periods. Finally,
our option-implied alpha and beta also show significant superiority over
historical alpha and beta in predicting subsequent 21-trading-day (one-month)
stock returns.

Our model could also, for example, be extended for combination into the
RNVR framework with more general asset pricing models such as Fama-French’s
(1992) three-factor or even Fama-French’s (2015) five-factor model, by
formulating appropriate transformed normal distributions for systematic risk
factors other than the market return. Moreover, a complete empirical analysis
could be conducted for different periods and different markets to further
understand the general behavior of option-implied, forward-looking estimations

of alpha, beta, and firm-specific risk.
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Appendix 1. Derivation of the Market Model Option Pricing Formulas

Proof of Proposition 1: Note that one can evaluate the present values for the
market portfolio return and the firm-specific risk component, which are
respectively denoted as P, and P,, based on Eq. (10) by simply replacing the
payoff function C(My,er) with [My er]T:

[ ] Rflf- [ ]\/_O'm\/—MT p( 22T[lnMT ~(umT +
YPwmOwOmVT)] )

\/z_n_ieﬁ exp (— ﬁ ler —(0+ preawoeﬁ)]z) dMqdey.

. X S P
Since the right-hand-side integral actually calculates E [IZT], we have [ m] =
i

Fe
1
-1 [eXp (.umT + ypwmo-wo-m\/T Rk O',ZnT)
R z

l, which completes the proof.
0 + ¥PweOwoeNT

Proof of Theorem 2: Equation (12) is shown as follows.

V=R"[" [ Somax([(1 — )R, + Be?m + Z,|Rg* — k,0) -

1 1 .
V2ro, T - ( 20T o7 Zm — Hm) )x/ﬁaeﬁ €xp ( 202’1' “. 'ME)Z) dZmdZ,
=R f f So max([(1 = )Ry + fe’m + Z.|R;* — k,0) ¢* (Zyn)

¢ (Z)dZpndZ,, (A.1)

where =lan—%aﬁlT ps=aT, ¢"(Zy) = \/— — T EXP (2 ZT(Z H:n)z),

N 1 . . .
and ¢*(Z,) = TZror &P (2 o (Z, — us)? ) The market-model option pricing
formula can be derived in the following three cases:

Case 1. When B > 0, we can infer that fe?m is positive for any value of Zy,.

Therefore, the payoff function of the call option in Equation (A.1) is in the
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money if [(1—p)Rr+ Z,|R;* —k>0 and thus Z,>Rk—(1—B)R; . In
contrast, if [(1 — PRy + Ze]RC;1 —k <0, a proper constraint for Z,, should be
imposed such that the call option is in the money at maturity. Consequently, the

following two situations are considered:
i. Zg>Rgk — (1 — PRy and —o0 < Z,, < o0,
ii. Z, <Ryk —(1—B)R; and Pe?m—[R.k — (1 — B)R; — Z,| > 0, which

implies Z,, > In (w).

B
Then Equation (A.1) can be rewritten as
V= RS quk—(l—B)Rf J_ Al = BORy + Be?m + Z|Ry" — k} " (Zyn) dZi,

* — Rgok—(1-B)R e’ _
¢ (Ze) dZe +Rf 1SO f_;, ! fln(a—bze){[(l - ﬁ)Rf ik; ﬁezm + Ze]Rq t- k}

¢ (Zm) A2 d*(Z,) dZ,, (A.2)
_ Rqk—(1-B)Ry _1
where a = B — and b 5

For the first integral in Equation (A.2),

R7S0 fak-1-pymy oot (L = BIR; +em + Ze|RG" = k} ¢* (Zn) dZy ¢° (2e) dZ,
= R}:150 fROZk—(l—B)Rf [(Rf 25 Ze)Rt;l _ k] ¢*(Z.)dz,'
- RFlSO [fROZk—(l—B)Rf (Rch?l — k)‘»b*(ze) dZe + fRo:k—(l—ﬁ)Rf R;lZeqS*(Ze)dZe]
- 1750 (B~ (TP it (o)

= Soe T[(eT DT — k + e~ 9TaT)N(My) + e~ 1o, VTn(—M,)], (A.3)

f Note that [, {[(1 = B)R; + Z.|R;* — k}¢*(Zn) dZyn + [, BR7 €™ " (Zy) dZy = {[(1 — PRy +
—c+1an—# —c+lan+#

Ze]R(;1 — k}N <7> + BR;RN (T) When ¢ approaches negative infinity, it

converges to {[(1 — BR; + ZR;'—k}-1+ BR;'R; 1= (R +Z, )Rt — k.
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T+(1-p)e’T—eTk S . .-
where M; = aT+( f)jf = the last equation is derived based on the definitions
e

of Ry =e' and R, = e?". Regarding the second integral in Equation (A2),
_ Rgk—(1-B)R © —
R7'S, .2 ! fln(a_bze){[u — B)Rs + Be?m + Z,|R;* — k}
¢ (Zw) dZm ¢°(Z,) dZ,
_ Rgok—(1-B)R o _ "
= R;1s, [*@ ! { Sitacsz ([ = BORs + Ze|R7* — K} ¢ (Zn) dZoy,

oy BRI MY (Zy) A2y} ¢ (22) dZ,

o2, T
T —In(a-bZy)+(InRp—-2~
= RSy [P (A - pRy + 2R - k}N< amv‘(T — )>

T
B —In(a—bZ,)+(In Rp+-"1~ .
+BRq1RfN< UM(T : )>}¢ (Z.)dZ,

= Spe'T [T RPN _ e + Z,]e~T — kIN(D,)

+Be""DTN(D)}p*(Z.) dZ., (A.4)
2 2
—In(a-bZ,)+ rr+2ml —In(a-bZ,)+ i L
where D; = am«; . ) and D, = Umé 2 ) =D, — 0,\T.

Case 2: When f = 0, the integral for Z,, is not needed and thus can be dropped.
In addition, the call option is in the money at maturity when (Rf + Ze)R‘;1 —k>

0, that is, Z, > Rgk — Ry. Consequently, we obtain the option price V as

V= RS, fRO:k—Rf[(Rf +Z, )Rt — k| ¢*(Z.) dZ,
=R/'S, [fROZk-Rf(Rngl —k)¢p*(Z,)dZ, + ijk_Rf R71Z,$"(Z.) dZe]
715 (85— Y () 4t (S|

=Soe T [(eTDT — k + e~ MTaT)N(M,) + e~ 6,VTn(—M,)], (A.5)
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aT+e™T—edTk

where M, = -
e

Case 3: When B <0, as long as Z, > Rgk — (1 — B)R; and Be’m +[Z, — Rjk +

(1= PB)Rs] = 0, the call option is in the money at maturity. Thus we obtain the
constraints for Z, and Z,, as Z, > Rgk — (1 — f)Rf and Z,, < In (W).
=In(a — bZ,)

Consequently, the option price is expressed as

— 8] 1 —-bZ, -
V= R¢ 'So quk—(l—B)Rf f_ljxfa ){[(1 — PRy + i Ze]qu 'l k}
¢ (Zm) dZy ¢*(Z,) dZ,
- €2 1 -bZz, - *
= Rf 150 quk—(l—B)Rf {f_r;fa 3 ){[(1 - ﬁ)Rf + Ze]Rq 1 k} ¢ (Zm) dZm

1 -bZ, = * *
+f_I;Ea Z, )IBqueZm(l) (Zm) dZm}¢ (Ze) dZe

2, T
. * _ In(a—bZg)—(In Rp—"2~
7 o, {1002l ()

A ln(a—bZe)—(ln Rf+#)
+ﬁR,; Rf N o T ¢*(Ze) dz,

= S0 [arieoprerrtlld = B + ZeJe™U" — k3N (~D,)

+BeDTN(-D,)}¢*(Z,) dZ,. (A.6)

Proof of Corollary 1: Since o, =0 and a = 0 for the index option, we can
derive e; = Z, = u; =0 with probability one. Because Z, is fixed at zero, the
integral over Z, can be dropped. Furthermore, given f =1 and thus Rjk —
(1=PB)Rs = Rgk being larger than zero, we obtain —oo <Z, =0<Rzk —

(1 = B)Rs and thus need consider only the second integral in Equation (A.2):
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V =R;"S, (R;'e?m — k) ¢*(Zp) dZy,

fln(a—b-o)=ln(qu)

= R/'S, fln(qu) Rg'e?m ¢*(Zy) dZy —R7 'S, fm(qu) k¢*(Zyn)dZ,y,

0%, T 0%, T
—In(Ryk)+In R+~ —In(Ryk)+InR——1—
——Rf_lSoRglRfN< n(Rgl+InRy+—, )—Rf_lSokN< nRq*In Ry )

om VT o T
S 02, T s o7
_ SRIN In(32)+InRy—InRg+7HT) —— In(32)+In Rp-In Rg—22T |
q oy T f .

By substituting Ry and R, for e"and e?", we rewrite the above equation to be

identical to the Black-Scholes formula for the market index call options:

S a%lT S cr-%nT
V = Spe~UTN (ln(Yo)W_q)”T) — Ke /TN (1“(70)+(T_q)T_T>. (A7)

oNT omNT
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Appendix 2. Calibration Example

The options of the SPX and BA on January 2, 2008 are employed to illustrate
the calibration process. First, the risk-free zero curve on this day is presented in
Table 8. Second, following the process described in Section 4.1, we derive the term
structure of the implied volatilities of the SPX on this day as shown in Table 9.
Third, the qualified BA options after the screening process are summarized in
Table 10. Moreover, based on the zero curve and the implied volatilities of the SPX
reported in Tables 8 and 9, respectively, the spline interpolation is employed to
derive the risk-free interest rate and o,,, which match different times to maturity
for each BA equity option. The combination of the grid search for implied £ (with
the lower and upper bounds [B;,8,] = [—0.0707,1.4060] on this day) and the
nonlinear least squares optimization procedure for the implied @ and g, is
performed to minimize the sum of the percentage errors between the market and
theoretical option prices. Given the estimated dividend yield g = 1.4784% on this
day, we obtain option-implied «, £, and g, of 0.0821, 0.9593, and 0.2192,
respectively, and the square root of mean squared percentage errors is 8.33%. It is
worth noting that the option values and their implied volatilities based on our
option pricing formula exhibit patterns across different strike prices that are very
similar to those actually observed in option markets. Finally, for comparison, the
realized (historical) a, B, and o, are -0.0504, 0.7036, and 0.3221 (-0.7621,
0.9184, and 0.1781), respectively, on January 2, 2008.

Table 8. Risk-Free Zero Rates on January 2, 2008

Days to maturity Zero rate
7 4.5592%

14 4.5699%

49 4.5918%

77 4.4937%

105 4.4035%

140 4.2994%

168 4.2156%
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Table 9. Term Structure of o,,(t,T) on January 2, 2008

Days to maturity (T —t) Implied volatilities of the SPX

2 20.6617%

17 18.0426%

45 16.3139%

80 16.4157%

89 20.4649%

108 17.3406%

171 19.9511%

180 19.9621%

Table 10. Calibration Details on January 2, 2008

Sy K T —t Marketoption prices Implied Implied Implied Theoretical option prices

(%) oy (%)

S ¢ (yrs) (implied vol.) a B O, (implied vol.)
86.62 70 0.0466 16.8504 (0.5588) 4.5749 18.0426 17.0402 (0.6651)
86.62 75 0.0466  11.9000 (0.4265) 4.5749 18.0426 12.0672 (0.4968)
86.62 80 0.0466 7.1985(0.3531)  4.5749 18.0426 7.2667 (0.3694)
86.62 85 0.0466 3.1479 (0.2938)  4.5749 18.0426 3.2734 (0.3116)
86.62 90 0.0466 0.8196 (0.2696)  4.5749 18.0426 0.9424 (0.2891)

86.62 75 0.1233 124497 (0.3526)  4.5973 16.3139 (0.0821, 0.9593, 0.2192) 12.9535 (0.4327)

86.62 80 0.1233 8.1473 (0.3196)  4.5973 16.3139 8.5121 (0.3596)
86.62 85 0.1233 4.5990 (0.2960)  4.5973 16.3139 4.8426 (0.3169)
86.62 90 0.1233 2.1955(0.2845) 4.5973 16.3139 2.2891 (0.2925)
86.62 95 0.1233 0.8752 (0.2781)  4.5973 16.3139 0.8674 (0.2771)
86.62 100 0.1233 0.3240 (0.2812)  4.5973 16.3139 0.2564 (0.2662)
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